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» Actual programming languages do support these
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v

A with natural numbers (a la Godel's T)
Satisfies [Geuvers/Krebbers/McKinna,2012]

» subject reduction, confluence, strong normalization
» unique representation of natural numbers

v

v

Exactly as expressive as Godel's T

v

It was not quite satisfactory:
» call-by-name reduction with call-by-value data types
» difficult meta theory
> hard to extend
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Starting point for an improved system: Herbelin's IQCyp

v

Incorporates the control operators catch and throw

v

Convenient meta theory

v

Gives a constructive interpretation to Markov's principle
—=3x.P(x) — 3x.P(x)

However:

» No types like natural numbers, lists, ...
» No (direct) proofs of confluence and strong normalization

v
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This talk: the system A::catch

» Based on Herbelin's IQCpp

» Primitive data type of lists and a recursor

> Fully-fledged call-by-value system

» Satisfies the conventional meta theoretical properties:

Subject reduction. ;A t:pand t — t/, thenT; At :p
Progress. ; - t: p, then tis a value or 3t', t — t/
Confluence. t — r and t — s, then 3q.r — g and s — ¢
Strong Normalization. I'; A F t: p, then no infinite t — ¢ ...

» These properties are relatively easy to prove
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The system A::catch

» Typing judgments a la Parigot's Ap
ARt p

« 1) € A are exceptions that may be throw
» Another way to think of it: t is a proof of either

> p, or,
» a1 €A
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The typing rules of A::catch

The constructs of simple type theory:

x:pel Mx:oAFt:T NMAFt:o—T NMAFs:o

MAFx:p LAFMXt:0—T MAFts:T

Constructors of the unit and list data type:

LAE():T I AFnil:[o] AR () :0—[o] = [o]

Primitive recursion over lists:

IAklrec:p— (0= o]l = p—p)—=[o]—p

The control operators catch and throw:

Aot ARt Y a el
MAFcatcha.t: vy MAFthrowat: 7

Important: ) ranges over —-free types [Herbelin, 2010]
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Example: typing

v [T]Fnil:[T]

s [T]F throw anil: T ;o [T]Fnil: [T]

;a: [T]F (throw anil) ::nil: [T]
; F catch a. (throw @ nil) :: nil: [T]

How to think of this derivation:
1. Our goal is [T]
2. We save the current continuation as «

3. We construct a singleton list
... leaving us to construct a term of type T

4. But instead we jump back to o with nil
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Reduction

Values:
viwi=x|()nil | () [ ) v]()vw
| lrec | 1rec v, | 1rec v, vs | Ax.r
Contexts:
E =0t | v]| throw g O
Reduction:

(Ax.t) v — t[x =]
lrec v, vg nil — v,
lrec v, vs (v vi) = Vs v Ve (lrec v, vs v)
E[throw « t] — throw a t
catcha.throwa t — catcha .t
catch . throw f v — throw S v if a ¢ {f} UFCV(v)
catcha.v — v if @ ¢ FCV(v)
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Example: reduction

catch a. (throw awnil) ::nil
= catch . (0 :: nil)[throw o nil]
— catch . throw anil
— catch a.nil
—nil



Why restrict to —-free types? (1)

Progress: ; -t:7 = tis avalue or 3t'.t — t/



Why restrict to —-free types? (1)

Progress: ; -t:7 = tis avalue or 3t'.t — t/

» Without the —-free restriction, the term
catch a. Ax.throwa (A\y.y) : T — T

would not reduce



Why restrict to —-free types? (1)

Progress: ; -t:7 = tis avalue or 3t'.t — t/

» Without the —-free restriction, the term
catch a. Ax.throwa (A\y.y) : T — T

would not reduce

» Hence progress would fail



Why restrict to —-free types? (1)

Progress: ; -t:7 = tis avalue or 3t'.t — t/

» Without the —-free restriction, the term

catch a. Ax.throwa (A\y.y) : T — T

would not reduce
» Hence progress would fail
» Note: an analogue term in the Au-calculus
pefa]Ax.p o] Ay.y

does not reduce either
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Why restrict to —-free types? (2)

Consequences of progress

» In Herbelin's IQCpyp:
» If; Ft:pVo,then3t .t :por; Ht:o
» If; B t:3x.P(x), then 3t'.; Ht': P(t)

» In A\::catch:

» Unique representation of data
» One-to-one correspondence between closed terms of N and N



Natural numbers

We define a type N := [T], with:

0 :=nil

S:=(2)()

nrec := Ax,;ys.lrec x, (A_.xs)

Notation: n:= S"0
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We redefine pred : N — N as
pred := An.catch a.nrec 0 (Ax.throw a x) n
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pred n+ 1
— catch av.nrec 0 (Ax.throw a x) (Sn)
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Example: list multiplication

» We want to define F : [N] — N such that
Flti, ... th] = t1 % ... x t,
» The straightforward definition
:=1rec 1 (Ax_h.x x h)

continues to multiply once a zero has been encountered

» We use control to jump out when we encounter a zero

F:= X .catcha.lrecl1 H/
H := Ax _.nrec (throw a 0) (Ay ~h.Sy % h) x
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Example: list multiplication (continued)

The definition of list multiplication:

F:= X .catcha.lrecl H/
H := Ax _.nrec (throw a 0) (Ay _h.Sy % h) x

A computation of F [4,0,9]:

— catch . lrec 1 H [4,0,9]

— catch a.nrec (throw a 0) (Ay _h.Sy = h) 4 (lrec 1 H [0,9])
— catch a.(Ah.4x h) (Lrec 1 H[0,9])

— catch a. (Ah.4 % h) (throw « 0)

— catch «.throw o 0

—- 0
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Usual approach [Tait/Martin-L&f]
1. Define a parallel reduction =
2. Prove that = is confluent
3. Prove that t; — tp implies t; = t»
4. Prove that t; = tp implies t; — t

For the ordinary A-calculus

t=t t=t r=r
X = X Ax.t = Ax.t tr = t'r’
t=t r=r

(Mx.t)r = t'[x:= 1]
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Parallel reduction for \::catch

» Consider the naive rule for throw

t=t'
E[throw « t] = throw a t/

» Problem: not confluent

throw oy (throw o (throw asz (throw au (throw as x))))

/

throw i (throw asz (throw as x))

throw a, (throw a4 (throw as x))

» Solution: jump over a compound context

t=>1t
E[throw « t] = throw a t/
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Complete development for A::catch

((Ax.t)v)°
(E[throw « t])°

(catch a. throw a t)°

(catch a. v
(1rec v, vs nil

(1rec vy vs (vp i vt)

O L
O

O

)

)

)
(catch a. throw § v)° :=

)

)

)

= t°[x = v7]
:= throw a t° if t # throwy s

‘= catcha.t®

throw 8 v° if a ¢ {8} UFCV(v)

v® if a ¢ FCV(v)
"
vevp vy (Lrec v0 ve vy)
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Strong Normalization
The interpretation [p] of a type p is defined as:

[T] :=sN
[o = 7] :={t|Vselo].tse][r]}
II[O']]] = SNﬂE[J]]

where for a set of terms S, the set of terms Ls is defined as

YVww.ift—-v:wthenveSandwe Ls
teLs

Key lemmas
» [+] = SN for ¢ —-free
» If r € [¢], then catch a. r € [¢]
» If r € SN and t[x :=r] € [o], then (Ax.t) r € [o]

> Ifx1:p1,...,xn:pm A t:Tand ri € [pi] forall 1 </ <n,
then t[x1 :=r,..., Xy := ry] € [7]
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Future

work

More interesting data types

Pattern match and fix construct
Dynamically bound exceptions
Corresponding abstract machine
Polymorphism

Dependent types

Program extraction a la Paulin/Letouzey



